THE PROBLEMS OF CONGRUENT NUMBERS
at most a finite number of sets of values of the indeterminates satisfying the equations. Some of this has used the theory of the units in special algebraic number rings. From the results it is possible, by the method applied to Problem 3, to derive much information on new diophantine systems of degrees higher than the second. This will be considered elsewhere. For the present, the inherent complexity of the solution of Problem 3 may suggest why these two old and apparently simple problems are still not completely solved.
Problem 3.-To state necessary and sufficient forms of r, m, s, n in order that there shall exist X, Y, Z, W all different from zero satisfying the equations.
A special case that has been frequently discussed may be noted. In Problem 1, the required form of m is given by 4m xyz2w2(x2 -y2), w(x + y) even.
The corresponding X, Z, W are given by 4X = ZW(X2 + y2), Z = zW(x2 + 2xy -y2), 4W = zw(x2 -y2).
For m squarefree, zw = 1, giving a known criterion. The proof is immediate by the method used for solving Problem 3. Although it is not included in Problem 3, another, somewhat similar problem, dating from the Arabs and usually included with questions on congruent numbers is Problem 4.-To state a necessary and sufficient form of n in order that X, Y, Z all different from zero shall exist satisfying n + X2 = Y2, n-X2 = Z2. The solution is given by 4n -x2(a2y4 + b2z4), ab = 2; the corresponding X, Y, Z are given by X = xyz, 2Y = x(ay2 + bz2), 2Z = x(ay2-bz2).
This is equivalent to ab = 2, fgh2 =4, a2y4 + b2z4 = fu, n = guv2; X = ghyzv, 2Y = ghv(ay2 + bz2), 2Z ghv(ay2 -bz2).
2. Solution of Problem 3.-If r, m, s, n, X, Y, Z, W are indeterminates, the equations are homogeneous cubics, each of which is separable and hence (completely) solvable. The result of equating the parametric expressions for X and those for Y in the solutions gives a separable and hence (completely) solvable system. As the solution of separable equations, or of a system of such equations, is now straightforward routine, it will suffice to state the final result. To condense the formulas, write a; ala2a3a4ar, b b1b2b3b4b6, c c1c2c,c4c5, f-fJf2f34f5, g = glg2g3g4g5, h = hlkh3h4h5, a-bic1fig1h1, 3= alc4f2g2h2, -a2f3A3k, 0 = a3b3c3g4h4; = a4b4c4f4hs, t arbsctf5gs; Ir = abcfgh, m = pmhm2, n tnin2.
Thus p, ml, in2 are bound parameters whose product is m; similarly for t, nl, n2 and n. The a, ..., g, are independent parameters. Define A = m1afg2 -na0q2, B m2bfh2 -n2#42, Including the bound parameters p, ml, m2, t, nl, n2 there are in all 41. Each of m, n is of degree 3; each of r, s, is of degree 71; each of X, Z,W is of degree 49, and Y is of degree 83. The degree of each of the identities giving the solution of the cubic system is thus 169.
